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Abstract 

We define and study basic properties of *-continuous Kleene w-algebras that involve a 
*-continuous Kleene algebra with a *-continuous action on a semimodule and an infinite 
product operation that is also *-continuous. We show that *-continuous Kleene w-algebras 
give rise to iteration semiring-semimodule pairs. We show how our work can be applied to 
solve certain energy problems for hybrid systems. 


1 Introduction 


A Kleene algebra [Hj is an idempotent semiring S = {S, V, ■, J_, 1) equipped with a star oper¬ 
ation * : S ^ S such that for all x,y & S, yx* is the least solution of the fixed point equation 
z = zxy y and x*y is the least solution of the fixed point equation z = xz W y. 

Examples of Kleene algebras include the language semiring P{A*) = (P(A*), V, •, J_, 1) over 
an alphabet A, whose elements are the subsets of the set A* of all finite words over A, and 
whose operations are set union and concatenation, with the languages 0 and {e} serving as 
J_ and 1. Here, e denotes the empty word. The star operation is the usual Kleene star; 
X* = IJn>o ~ . .. Un ■ ui,.. . ,Un € L, n > 0}, for all X C A*. 

Another example is the Kleene algebra P{A x A) = {P{A x A), V,-,0,1) of binary relations 
over any set A, whose operations are union, relational composition (written in diagrammatic 
order), and where the empty relation 0 and the identity relation id serve as the constants T and 
1. The star operation is the formation of the reflexive-transitive closure, so that R* = Un>0 
for all R G P(A x A). 

The above examples are in fact continuous Kleene algebras, i.e., idempotent semirings S such 
that equipped with the natural order, they are all complete lattices (hence all suprema exist), 
and the product operation preserves arbitrary suprema in either argument: 

y(\/^)=\/y^ and (\/X)y = \JXy 

*The first author acknowledges partial support by grant no. K108448 from the National Foundation of 
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grant no. ANR-13-INSE-0003 from the French National Research Foundation. 
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for all X C 5 and y G S. The star operation is given by x* = Vn>o®”> 
the supremum of the set {x”’ : n > 0} of all powers of x. It is well-known that the language 
semirings P{A*) may be identified as the free continuous Kleene algebras (in a suitable category 
of continuous Kleene algebras). 

A larger class of models is given by the * -eontinuous Kleene algebras [H]. By the definition of 
^-continuous Kleene algebra S = T, 1), only suprema of sets of the form {x” : n > 0} 

need to exist, where x is any element of S, and x* is given by this supremum. Moreover, 
product preserves such suprema in both of its arguments: 

y( V = V (V ^'^^y = V 

n>0 n>0 n>0 n>0 

For any alphabet A, the collection R{A*) of all regular languages over A is an example of 
a *-continuous Kleene algebra which is not a continuous Kleene algebra. The Kleene algebra 
R{A*) may be identified as the free *-continuous Kleene algebra on A. It is also the free Kleene 
algebra on A, cf. m- There are several other characterizations of R{A*), the most general 
of which identifies R{A*) as the free iteration semiring on A satisfying the identity 1* = 1, 
cf. [sids]. 

For non-idempotent extensions of the notions of continuous Kleene algebras, *-continuous 
Kleene algebras and Kleene algebras, we refer to mi- 

When A is an alphabet, let A^ denote the set of all w-words (sequences) over A. An co- 
language over A is a subset of A^. It is natural to consider the set P[A^) of all languages 
of w-words over A, equipped with the operation of set union as V and the empty language 0 
as T, and the left action of P{A*) on ^(A^^) defined by XV = {xv : x G X, u € K} for all 
X C A* and V C AP. It is clear that (P(A‘^), V, T) is in fact a P(A*)-semimodule and thus 
(P(A*), P(A‘^)) is a semiring-semimodule pair. We may also equip {P{A*), P{A‘^)) with an 
infinite product operation mapping an w-sequence (Xo,Xi,...) over P{A*) to the cu-language 
Y\n>o^ri = ... € A'^ : Xn G Xn}- (Thus, an infinite number of the Xn must be different 

from e. Note that = T holds.) The semiring-semimodule pair so obtained is a continuous 
Kleene cu-algebra. 

More generally, we call a semiring-semimodule pair {S,V) a continuous Kleene co-algebra if S 
is a continuous Kleene algebra (hence S and V are idempotent), K is a complete lattice with 
the natural order, and the action preserves all suprema in either argument. Moreover, there is 
an infinite product operation which is compatible with the action and associative in the sense 
that the following hold for all x, xq, xi,... G S: 

• 3:(nn>0 ^ri) = nn>0 where yo = X and yn = Xn-i for all n > 0, 

• nn>o = nfc>o whenever there is a sequence of integers 0 = zq < ii < ... increasing 

without a bound such that yk = Xi^ - ■ ■ for all k >0. 

Moreover, the infinite product operation preserves all suprema: 

• On>o(V^)i) = V{nn>o ^ ^ — 0}) 

for all Xo,Xi,... C S. 

The above notion of continuous Kleene w-algebra may be seen as a special case of the not 
necessarily idempotent complete semiring-semimodule pairs of m- 
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Our aim in this paper is to provide an extension of the notion of continuous Kleene ca-algebras 
to *-continuous Kleene oj-algebras which are semiring-semimodule pairs {S,V) consisting of a 
*-continuous Kleene algebra S = (5, V, •, _L, 1) acting on a necessarily idempotent semimodule 
V = (K, V,_L), such that the action preserves certain suprema in its first argument, and 
which are equipped with an infinite product operation satisfying the above compatibility and 
associativity conditions and some weaker forms of the last axiom. We will define both a finitary 
and a non-finitary version of ^-continuous Kleene ca-algebras. 

We will establish several properties of *-continuous Kleene w-algebras, including the existence 
of the supremum of certain subsets related to regular w-languages. Then we will use these 
results in our characterization of the free ^-continuous Kleene ca-algebras, at least in the finitary 
version. 

When {S,V) is a *-continuous Kleene algebra, we may define an omega operation S' —)■ K by 
x‘^ = nn>o where Xn = x for each n > 0. One of or results will show that equipped with 
this omega operation, each *-continuous Kleene w-algebra gives rise to an iteration semiring- 
semimodule pair. This extends the known result that each ^-continuous Kleene algebra is an 
iteration semiring. 

Part of this work is motivated by an application to so-called energy problems for hybrid systems. 
When modeling systems with constraints on energy consumption, it is of interest to know 
whether certain states are reachable under the given energy constraints, or whether the system 
admits an infinite run. In the context of formal modeling and verification, such problems were 
first taken up in [3], which spurned a number of other papers on similar problems. 

We have shown in [6] that most of these problems can be covered by a new abstract notion 
of energy automaton, which is a finite automaton in which the transitions are labeled with 
functions which map input energy to output energy. The intuition is that the transitions of an 
energy automaton are energy transformations, so given an initial energy, one can ask whether 
a final state is reachable when starting with this initial energy, or whether there is a Biichi run 
given this initial energy. 

We will show in the later parts of this paper that energy functions form a finitary *-continuous 
Kleene w-algebra, hence that energy problems can be solved using the techniques developed 
here. 


2 Semirings and semiring-semimodule pairs 


Although we already mentioned semirings and semimodules in the introduction, in this section 
we briefly recall the main definitions from m2\ in order to make the paper self-contained. 

Recall from PE] that a semiring S = (5, -|-, •, 0,1) consists of a commutative monoid {S, -|-, 0) 
and a monoid (5, •, 1) such that the distributive laws 

x{y z) = xy xz 
{y + z)x = yx + zx 


and the zero laws 


0 • X = 0 = X • 0 


hold for all x,y,z G S. It follows that the product operation distributes over all finite sums. 
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An idempotent semiring is a semiring S whose sum operation is idempotent, so that x + x = x 
for all X (z S. Each idempotent semiring S is partially ordered by the relation x < y iS 
X + y = y, and then sum and product preserve the partial order and 0 is the least element. 
Moreover, for all x,y £ S, x + y is the least upper bound of the set {x, y}. Accordingly, in an 
idempotent semiring S, we will usually denote the sum operation by V and 0 by _L. 

In addition to semirings, we will also consider semiring-semimodule pairs. Suppose that S = 
(5, -|-, •, 0,1) is a semiring and V = (F, +, 0) a commutative monoid. When V is equipped with 
a left 5-action 5 x E —>■ E, (s, u) !->■ sv, satisfying 

(s -|- s')v = sv + s'v 
s(v + v') = sv + sv' 

{ss')v = s{s'v) 

Os = 0 
sO = 0 
Iv = v 


for all s, s' G 5 and v £ V, then we call V a (unitary left) S-semimodule and (5, V) a semiring- 
semimodule pair. Note that when 5 is idempotent, then V is necessarily idempotent, so that 
we use the notation (E, V, _L). 


3 Free continuous Kleene w-algebras 

We have defined continuous Kleene w-algebras in the introduction as idempotent semiring- 
semimodule pairs (5, V) such that 5 = (5, V, •, _L, 1) is a continuous Kleene algebra and V = 
(K, V,X) is a continuous 5-semimodule. Thus, equipped with the natural order, <, 5 and V 
are complete lattices and the product and the action preserve all suprema in either argument. 
Moreover, there is an infinite product operation, satisfying the compatibility and associativity 
conditions, which preserves all suprema. 

In this section, we offer descriptions of the free continuous Kleene w-algebras and the free 
continuous Kleene tc-algebras satisfying the identity 1^^ = T. 

A homomorphism between continuous Kleene algebras preserves all operations. A homomor¬ 
phism is continuous if it preserves all suprema. We recall the following basic result. 

Theorem 3.1 For each set A, the language semiring (P(A*), V, •, T, 1) where V is set union, 
■ is concatenation and the constants T and 1 are 0 and {e}, respectively, is the free continuous 
Kleene algebra on A. 

Thus, if 5 is a continuous Kleene algebra and /i : A —>■ 5 is any function, then there is a unique 
continuous homomorphism hf : A* ^ S extending h. 

In view of Theorem 13.11 it is not surprising that the continuous Kleene w-algebras can be 
described using languages of finite and w-words. 

Suppose that A is a set. Let A'^ denote the set of all w-words over A, and let A°° = A* U A‘^. 
Let P[A*) denote the language semiring over A, and let P(A°°) denote the semimodule of all 
subsets of A°° equipped with the action of P{A*) defined by XY = {xy : x £ X,y £Y} ioi all 
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X C A* and Y C A°°. We also define an infinite product by nn>o ■ ■ ■ ■ Un € Xn}- 

Note that P{A^) is a subsemimodule of P{A°°). 


Proposition 3.2 For each set A, {P{A*), P{A°°)) is a continuous Kleene uj-algebra. 


Homomorphisms between continuous Kleene a;-algebras {S, V) and {S', V) consist of two func¬ 
tions hs ■ S ^ S' and hy ■ V ^ V' that together preserve all operations. A homomorphism 
{hs,hy) is continuous if hg and hy preserve all suprema. 

Theorem 3.3 {P{A*), P{A°°)) is the free continuous Kleene uj-algebra, freely generated by A. 

Proof. Suppose that {S, V) is any continuous Kleene cu-algebra an let /i : A ^ 5 be a mapping. 

We want to show that there is a unique extension of /i to a continuous homomorphism (/i^, h^y) 
from {P^{A),P{A°°)) to {S,V). 

For each u = oq • • • Un-i in A*, define hs{u) = /i(ao) • • • h{an-i) and hy{u) = /i(ao) • • • h{an-i)Y' = 
nfc>o where bk = a^ for all A: < n and = 1 for all k > n. When u = aoai ... G A'^, define 
hy{u) = nA:>o^(®fc)- Note that we have hs{uv) = hs{u)hs{v) for all u,v G A* and / 15 (e) = 1. 
Also, hy{uv) = hs{u)hy{v) for all u G A* and v G A°°. Thus, hy{XY) = hs{X)hy{Y) for all 
A C A* and Y C A°°. Moreover, for all uo,ui,... in A*, if u* 7 ^ e for infinitely many i, then 
hy{uQUi ...) = nA:>o ^s{uk)- If on the other hand, Uk = e for all k > n, then hy{uoUi ...) = 
hs{uo) ■ ■ ■ hs{un-i)l‘^. In either case, if Xo,Xi ,... C A*, then hy{Yl^^QXn) = Yln>ohs{Xn)- 

Suppose now that A C A* and Y C A°°. We define h^g{X) = \/ / 15 (A) and /iy(K) = \/ hyiY). 

It is well-known that /i^ is a continuous semiring morphism P{A*) -G- S. Also, hy preserves 
arbitrary suprema, since /ly (Uie/= V Uie/^V"(ki) = \/\/ hy {Yi) = 

y^eIhUYi)■ 

We prove that the action is preserved. Let A C A* and Y C A°°. Then hy{XY) = 

V hy{XY) = V hs{X)hy{Y) = V hs{X) V hy{Y) = hl{X)h\,{Y). 

Finally, we prove that the infinite product is preserved. Let Aq, Ai, ... C A*. Then /iy(nn>o ~ 

y hyiW^^^Xn) = V nn>0 ^‘S'(A^n) = On^O V ^S'(A^n) = Wn>oh\{Xn). 

It is clear that hg extends h, and that {hs,hy) is unique. □ 

Consider now (P(A*), P(A‘^)) with infinite product defined by nn> 0 "^« ~ • • • G A^^ : 

Un G Kn, n > 0}. It is also a continuous Kleene w-algebra. Moreover, it satisfies Y' = _L. 

Lemma 3.4 (P(A*), ^(A^^)) is a quotient of {P{A*), P{A°°)) under the eontinuous homo¬ 
morphism {(ps, p>y) such that ips is the identity on P{A*) and ipy maps Y C A°° to K D A^. 

Proof. Suppose that L) C A°° for all i G I. It holds (Uie/ ~ H Uie/ ~ H 

yi) = U^eIFv{Yi). 

Let A C A* and y C A°°. Then hy{XY) = AT n A'^ = A(y n A^^) = (ps{X)ipy{Y). 

Finally, let Aq, Ay ... C A*. Then/iy (n„>o-^n) = {uqUi ... G : Un G A„} = Wn>Qhs{Xn). 

□ 
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Lemma 3.5 Suppose that {S,V) is a continuous Kleene oj-algebra satisfying = _L. Let 
{hs,hv) be a continuous homomorphism {P{A*), P{A°°)) —>■ {S,V). Then {hs-,hy) factors 
through {ips^Tv)- 

Proof. Define h'g = hs and hy : P{A^) —)• D by h'yiY) = hy{Y), for all Y C A‘^. Then 
clearly hs = ipshg- Moreover, hy = (pyhy, since for all Y C A°°, Yipyh'y = (T n A^)hy = 
{YnA^)hyy{YAA*)hsl^ = {YAA^)hyy{{YAA*)l^)hy = {{Y r^A^)A{Y ^A*)l^)hy = Yhy. 

Since {(ps,Tv) and {hs,hy) are homomorphisms. so is {h'g,h'y). It is clear that hy preserves 
all suprema. □ 

Corollary 3.6 For each set A, {P(A*), P{A‘^)) is the free continuous Kleene uj-algebra satis¬ 
fying 1“^ = T, freely generated by A. 

Proof. Suppose that {S, V) is a continuous Kleene cj-algebra satisfying = T. Let h : A ^ 
S. By Theorem l3.31 there is a unique continuous homomorphism {hs, hy) : {P{A*), P{A^)) — 
{S,V) extending h. By Lemma 13.51 hs and hy factor as hs = Tsh's and hy = (pyhy, 
where (h^, hy) is a continuous homomorphism {P{A*), P{A‘^)) —>■ {S, V). This homomorphism 
{h's,h'v) is the required extension of h to a continuous homomorphism {P{A*),P{A^)) — 
{S,V). Since the factorization is unique, so is this extension. □ 


4 ^-Continuous Kleene cj-algebras 

In this section, we dehne * -continuous Kleene uj-algebras and finitary *-continuous Kleene 
uj-algebras as an extension of the * -continuous Kleene algebras of m- We establish several 
basic properties of these structures, including the existence of the supremum of certain subsets 
including those corresponding to regular w-languages. 

We dehne a *-continuous Kleene cj-algebra {S, V) as a *-continuous Kleene algebra 

acting on a (necessarily idempotent) semimodule V = (K, V,T) subject to the usual laws of 
unitary action as well as the following axiom AxO: 

xy*v = \J xy'^v, 

n>0 

for all x,y (z S and v a V. Moreover, there is an inhnite product operation mapping an 
w-sequence {xo,xi,...) (or w-word xqXi ...) over S to an element nn>o Thus, inhnite 

product is a function V, where denotes the set of all w-sequences over S. 

Inhnite product is subject to the following axioms relating the inhnite product to the other 
operations of Kleene w-algebras and operations on w-sequences. The hrst two axioms are the 
same as for continuous Kleene w-algebras. The last two ones are weaker forms of the complete 
additivity of the inhnite product of continuous Kleene w-algebras. 

Axl: For all xq, xi,... € 5, Hn^o On^o Vn, where yn = Xn+i for all n > 0. 
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Ax2: Suppose that xq, xi,... € S' and 0 = no < ni < • • • is a sequence which increases without 
a bound. Let yk = Xnt,--- for all A: > 0. Then n„>o = Ilfc^o Vk- 

Ax3: For all xq, xi,... and y, z in S, 

Y[xn{yyz)= y JJxnX^. 

n>0 x'^G{y,z}n>0 

Ax4: Suppose that x, yo,yi,... are in S. Then 

n = V n 

n>0 kn>0n>0 

It is clear that every continuous Kleene ca-algebra is *-continuous. 

Some of our results will also hold for weaker structures. We define a finitary *-continuous 
Kleene cj-algebra as a structure (S, V) as above, equipped with a star operation and an infinite 
product Wn>o^n restricted to finitary u-sequences (or finitary cj-words) over S, i.e., to se¬ 
quences xo, xi,... such that there is a finite subset F of S such that each Xn is a finite product 
of elements of F. (Note that F is not fixed and may depend on the sequence xq, xi,...) It is 
required that Axl, Ax2 and Ax3 hold whenever the sequence xq, xi,... is finitary, and that Ax4 
holds whenever the sequence yo,yi,... is finitary. 

Finally, a generalized *-continuous Kleene algebra {S,V) is defined as a *-continuous Kleene 
w-algebra, but without the infinite product (and without Axl-Ax4). However, it is assumed 
that AxO holds. 

The above axioms have a number of consequences. For example, if xq, xi,... G 5* and Xj = T 
for some i, then = -L- Indeed, if Xj = T, then W^^^Xn = xq ■ ■ ■ XiH^^^^^Xn = 

T nn>i+i = T- By Axl and Ax2, each *-continuous Kleene w-algebra is an w-semigroup, 
and equipped with the natural order relation, an ordered w-semigroup, cf. [Ml pp. 92f]. 

Similarly, when {S,V) is a finitary *-continuous Kleene algebra and xo,xi,... is a finitary 
sequence over S, and if some Xj is T, then nn>o ~ -*-• 

Suppose that (S', V) is a *-continuous Kleene cj-algebra. To each word w G S* there is a 
corresponding element w of S which is the product of the letters of w in the semiring S. 
Similarly, when w G S*V, there is an element w of V corresponding to w. Suppose now that 
a language X C S* or X C S*V. Then we can associate with X the set X = {ic : w G X}, 
which is a subset of S or V. The reader will probably be relieved that below we will denote W 
and X by just w and X, respectively. 

The following facts are well-known (and follow from the result that the semirings of regular 
languages are the free *-continuous Kleene algebras [13] (essentially shown also in [HITT]), and 
the free Kleene algebras |14jL 


Lemma 4.1 Suppose that S is a *-continuous Kleene algebra. If R C S* is regular, then V R 
exists. Moreover, for all x,y G S, x(\/ R)y = V xRy. 

Lemma 4.2 Let S be a * -continuous Kleene-algebra. Suppose that R,Ri and R 2 are regular 
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subsets of S*. Then 


\/iRiUR2) = \/ RiVy R2 
\J{R,R2) = {\JRi){\JR2) 
\J{R*) = {\jRr. 


In a similar way, we can prove: 


Lemma 4.3 Let {S,V) be a generalized *-continuous Kleene-algebra. If R C S* is regular, 
X & S and v , then x{\/ R)v = V xRv. 

Proof. Suppose that i? = 0. Then x{\/ R)v = T = V xRv. If i? is a singleton set {y}, then 
x{\/ R)v = xyv = V xRv. Suppose now that R = RiU R 2 or R = R 1 R 2 , where Ri,R 2 are 
regular, and suppose that our claim holds for Ri and R 2 . Then, if ii = U R 2 , 

x(\J R)v = x(\y i?i V \y R 2 )v (by Lemma 02]) 

= x(\/ Ri)v V x(\/ R 2 )v 
= \y xRiv V \y XR2V 
= \l x{Ri U R 2 )v 
= \J xRv, 

where the third equality uses the induction hypothesis, R = R 1 R 2 , then 

x(\J R)v = x{\J Ri)(\J R 2 )v fbv Lemma 14.211 
= \/{xRiC\/R2)v) 

= -^ 2 )^ : y e xRi} 

= V'fV ■ y ^ 

= \j XR1R2V 
= \J xRv, 

where the second equality uses the induction hypothesis for Ri and the fourth the one for i? 2 . 
Suppose last that R = Rq, where Rq is regular and our claim holds for Rq. Then, using the 
previous case, it follows by induction that 

x(\/ Ro)v = V xR^v (1) 
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for all n > 0. Using this and AxO, it follows now that 

x(V R)v = xC\/ Ro)y 

= xi\J \J Ro)v 

n>0 

= ^( V Lemma [Oil 

n>0 

= V x(\J RoTv (byAxO) 

n>0 

= V (by Lemma [42]) 

n>0 

= \/\/xR^v (byO) 

n>0 

= V 

= \J xRv. 

The proof is complete. □ 

We can also prove: 


Lemma 4.4 Let {S, V) be a *-eontinuous Kleene u-algebra. Suppose that the languages Rq, Ri,... C 
S'* are regular and form a finite set TZ of languages. Moreover, let xq, xi,... E S. Then 

Xn(\/ Rn) = V n ^nRn- 
n>0 n>0 


Proof. If one of the Ri is empty, our claim is clear since both sides are equal to T, so we 
suppose they are all nonempty. 

Below we will suppose that each regular language comes with a fixed decomposition having a 
minimal number of operations needed to obtain the language from the empty set and singleton 
sets. For a regular language R, let \R\ denote the minimum number of operations needed to 
construct it. When 7^ is a finite set of regular languages, let TZ' denote the set of non-singleton 
languages in it. Let \TZ\ = YIrgtz' ■ Our definition ensures that if 7^ = {R, Ri,..., Rn} 
and R = R' \J R" or R = R'R" according to the fixed minimal decomposition of R, and 
if TZ' = {R',R",Ri,... ,Rn}, then \TZ'\ < \TZ\. Similarly, if 7? = 7 ?q by the fixed minimal 
decomposition and TZ' = {72o) Ri-, ■ ■ ■ ■, Rn}, then \TZ'\ < \TZ\. 

We will argue by induction on \TZ\. 

When \TZ\ = 0, then TZ consists of singleton languages and our claim follows from Ax3. Suppose 
that \TZ\ > 0. Let 7? be a non-singleton language appearing in TZ. If R appears only a finite 
number of times among the 7?„, then there is some m such that 77„ is different from R for all 
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n > m. Then, 


XnC\/ Rn) = Xi(\^ Ri) XnO^ Rn) (by Axl) 

n>0 i<m n>m 

= {\J xqRq ■ ■ ■ Xn-iRn-i) XnC\/ Rn) (by Lemma[12]) 

n>m 

= \/{xoRo ■ --Xn-iRn-i ®»^(V Lemma[13]) 

n>m 

= Viy n • y ^ ^0^0 • --Xn-lRn-l} 

n>m 

= V'^V^ n • y ^ XqRq ■ ■ ■ Xn-lRn-l} 

n>m 

— XnRnj 

n>0 

where the passage from the 4th line to the 5th uses induction hypothesis and Axl. 

Suppose now that R appears an infinite number of times among the Rn- Let Ri^, Ri^, ... be 
all the occurrences of R among the Rn- Define 


2/0 = xo(\/ i?o) • • • (V Rn-i)xi^ 

Vj = Xij+i(\J Ri^+i) • • • (V Rij+i-i)xi.^^, 
for j > 1. Similarly, define 

Yq — ^0-^0 * * * — 

Yj' 

for all J > 1. It follows from Lemma [4.21 that 

yi = \/y, 


for all j > 0. Then 

nXn(V^n) = n%(V^)’ (2) 

n>0 j>0 

by Ax2, and 

y[ XnRn = YjR- 

n>0 j>0 
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lfR = R'U R", then: 

n ^n(V Rn) = n u R")) (by (ED) 

ri>0 j>0 

= yj(\/ R' '^\/ R") (by Lemma IQI) 

i>o 

= V n 

Zje{\/R',\/R"}j>0 

V V n 

Zje{\/R',\/R"} j>0 

= V 

Zje{R',R"} j>0 

=v n u 

n>0 

=V n 

n>0 

where the 4th and 5th equalities hold by the induction hypothesis and Ax2. 

Suppose now that R = R'R". Then applying the induction hypothesis almost directly we have 

Wxn{\l Rn) = X\y,{\l R'R") 

n>0 j>0 

= lly^i\/R')i\/ R!') (by Lemma 
i>o 

=vn^^(V^')(v^") 

i>o 

i>o 

=V n 

n>0 

=V n 

n>0 

where the third and fourth equalities come from the induction hypothesis and Ax2. 
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The last case to consider is when R = T*, where T is regular. We argue as follows: 


n^n(V^n) = n%(V^*) 

n>0 j>0 

= yj(\/ T)* (by Lemma IQ]) 

j>o 

= V nw(V’’)‘' (by Axl and Ax4) 

ko,ki,...j>0 

= V 

ko,ki,... j>0 

= V y'ww’’ 

ko,ki,... j>0 

= V 

j>0 

= V 

j>o 

— XnRni 
n>0 

where the 4th and 5th equalities follow from the induction hypothesis and Ax2. The proof is 
complete. □ 

By the same proof, we have the following version of Lemma 14.41 for the finitary case: 

Lemma 4.5 Let {S,V) be a finitary *-continuous Kleene u-algebra. Suppose that the lan¬ 
guages Ro,Ri,--- C S* are regular and form a finite set TZ of languages. Moreover, let 
xo, ici, ■ ■ • is a finitary sequence of elements of S. Then 

Xn(\/ Rn) = V n ^nRn- 

n>0 n>0 


Note that each sequence xo,yo,xi,yi,... with € Rn is finitary. 

As an immediate consequence of Lemma 14.51 we get the following result: 


Corollary 4.6 Let {S, V) be a finitary *-continuous Kleene co-algebra. Suppose that Rq, Ri,... C 
S* are regular and form a finite set of languages. Then \/ nn>o exists and is equal to 

nn>0 V ^n- 

Suppose that {S, V) is a *-continuous Kleene cj-algebra. When v = xqXi ... G S'‘^ is an ca- 
word over S, it naturally determines the element nn>o of V. Thus, any subset X of S‘^ 
determines a subset of V. Using this convention. Lemma 14.41 mav be rephrased as follows. For 
any ^-continuous Kleene w-algebra (S, V), xq, xi,... € S and regular sets Rq, Ri, ... C S* that 
form a finite set, it holds that nn>o ^n) = \l X where A C 5“^ is the set of all w-words 
xoyoxiyi ... with yi € Ri for all z > 0, i.e., X = xqRqXiRi ... Similarly, Corollary 14.61 asserts 
that if a subset of V corresponds to an inhnite product over a hnite collection of ordinary 
regular languages in S*, then the supremum of this set exists. 
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In any (Unitary or non-finitary) *-continuous Kleene w-algebra (5, y), we define an uj-power 
operation S ^ V hy x‘^ = nn>o ® x G (S'. From the axioms we immediately have: 

Corollary 4.7 Suppose that {S, V) is a *-continuous Kleene u-algebra or afinitary *-continuous 
Kleene co-algebra. Then the following hold for all x,y € S: 

x‘^ = xx‘^ 

(xy)‘^ = x{yxY 

x‘^ = n > 2. 

Thus, each ^-continuous Kleene w-algebra gives rise to a Wilke algebra, even an ordered Wilke 
algebra p^fTS] . 


Lemma 4.8 Let {S,V) be a *-continuous Kleene oo-algebra or a finitary *-continuous Kleene 
Lo-algebra. Suppose that R C S^^ is to-regular. Then V R exists in V. 


Proof. It is well-known that R can be written as a finite union of sets of the form Rq{Ri)‘'^ 
where Ro,Ri C S* are regular, moreover, Ri does not contain the empty word. It suffices to 
show that V Ro{Ri)‘^ exists. But this holds by Corollary 14.61 □ 

Lemma 4.9 Let{S,V) be a*-continuous Kleene co-algebra. For all u-regular sets Ri, R 2 C 
and regular sets R F S* it holds that 

\J{RiuR 2) = \J Riy\J R 2 
\J{RR,) = i\jR){\jR,). 

And if R does not contain the empty word, then 

\jR^ = {\jRr. 

Proof. The first claim is clear. The second follows from Lemma 14.31 For the last, see the 
proof of Lemma 14.81 □ 


5 Free finitary *-continuous Kleene cj-algebras 

Recall that for a set A, R{A*) denotes the collection of all regular languages in A*. It is 
well-known that ^(^4*), equipped with the usual operations, is a ^-continuous Kleene algebra 
on A. Actually, R{A*) is characterized up to isomorphism by the following universal property. 

Call a function f : S ^ S' between *-continuous Kleene algebras a *-continuous homomorphism 
if it preserves all operations including star, so that it preserves the suprema of subsets of S of 
the form {x” : n > 0}, where x € (S'. 

Theorem 5.1 J7^ For each set A, R{A*) is the free *-continuous Kleene algebra, freely 

generated by A. 
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Thus, if S is any *-continuous Kleene algebra and h is any mapping of A into S, then h has a 
unique extension to a *-continuous Kleene algebra homomorphism h'^ : R{A*) —> S. 

Now let R'{A°°) denote the collection of all subsets of A^ which are hnite unions of sets of the 
form nn> 0 '^"’ where each R^ C A* is regular, and the set ■ ■ •} is finite. Note that 

R'{A°°) contains the empty set and is closed under hnite unions. Moreover, when Y € R'{A°°) 
and u = aoQi... €Y Ci then the alphabet of u is hnite, i.e., the set {an : n > 0} is hnite. 

Also, R'{A°°) is closed under the action of R{A*) inherited from (P(A*), P(A°°)). The inhnite 
product of a sequence of regular languages in R{A*) is not necessarily contained in R'{A°°), 
but by dehnition it contains all inhnite products of hnitary sequences over R{A*). 


Example 5.2 Let A = {a,b} and consider the set {aba?h... a'^b ...} containing a single co¬ 
word. It can be written as an infinite product of singleton subsets of A*, but it cannot be written 
as an infinite product RqRi ■ ■ ■ of regular languages in A* such that the set {Rq, Ri,...} is finite. 

Proposition 5.3 (i?(A*), is a finitary *-continuous Kleene co-algebra. 


Proof. This is clear from the fact that {P{A*), P{A°°)) is a continuous Kleene w-algebra and 
that R{A*) is a *-continuous semiring. □ 

Theorem 5.4 {R{A*), R'{A°°)) is the free finitary *-continuous Kleene co-algebra, freely gen¬ 
erated by A. 


Proof Our proof is modeled after the proof of Theorem 13.31 

Suppose that {S, V) is any hnitary *-continuous Kleene cj-algebra and let h : A —>■ 5 be a 
mapping. For each u = uq ... an-i in A*, dehne hs{u) = h{ao) ■ ■ ■ h{an-i) and hv{u) = 
/i(ao) • • • h{an-i)P^ = nfc>o where bk = a^ for all < n and b^ = 1 for all k > n. When 
u = aooi ... G whose alphabet is hnite, dehne hv{u) = This inhnite product 

exists in i?'(A°°). 

Note that we have hs{uv) = hs{u)hs{v) for all u,v £ A*, and hs{e) = 1. And if tt G A* and 

V G A°° such that the alphabet of v is hnite, then hy{uv) = hs{u)hy{v). Also, hy{XY) = 
hs{X)hy{Y) for all X C A* in R{A*) and Y C A°° in R'{A°°). 

Moreover, for all uo,ui,... in A*, if ttj 7 ^ e for inhnitely many i, such that the alphabet of 
uqUi ... is hnite, then hy{uQUi ...) = nfc>o ^s{uk)- If on the other hand, Uk = e for all k > n, 
then hy{uQUi...) = hsiufi) ■ ■ ■ hs{un-i)P^ ■ In either case, if Xo,Xi,... C A* are regular 
and form a hnitary sequence, then the sequence hsiXo), hs{Xi ),... is also hnitary as is each 
inhnite word in and hyiU^^^^Xn) = lln>ohs{Xn)- 

Suppose now that A C A* is regular and Y C A°° is in R'{A°°). We dehne h^(A) = \/ hs{X) 
and /iy(y) = V hy{Y). It is well-known that is a *-continuous semiring morphism R{A*) —> 
S. Also, hy preserves hnite suprema, since when I is hnite, Kj) = \l hy(\j^^^Yi) = 

V Ue/ hyiY,) = V hy{Yi) = h\,{Y,). 

We prove that the action is preserved. Let X G R{A*) and Y G R'{A°°). Then hy{XY) = 

V hy{XY) = V hs{X)hy{Y) = V hs{X) V hy{Y) = hl{X)h\,{Y). 
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Finally, we prove that infinite product of finitary sequences is preserved. Let Xq,Xi, ... be a 
finitary sequence of regular languages in R{A*). Then, using Corollary 14.61 ~ 

y ^v{Wn>Q^n) = V nn>0 ^si^n) = = On^O 

It is clear that hs extends h, and that {hsjhy) is unique. □ 

Consider now {R{A*), R'{A^)) equipped with the infinite product operation nn>o € 

A^^ : Un G Xn, n > 0}, defined on finitary sequences Xq,Xi, ... of languages in R'{A*). 

Proposition 5.5 {R{A*), R'{A‘^)) is a * continuous Kleene uj-algebra. Moreover, it satisfies 
= T. 

Lemma 5.6 (ii(j4*), is a quotient of {R{A*), R'{A°^)) under the *-continuous homo¬ 

morphism {ips,'pv) such that ifs is the identity function on P{A*) and ipv maps Y G RfiA‘^) 
toYnA‘^. 


Lemma 5.7 Suppose that {S, V) is a finitary * -continuous Kleene uj-algebra satisfying = T. 
Let {hs,hv) be a *-continuous homomorphism {R{A*), R'{A°°)) {S,V). Then {hs,hy) 

factors through {ips-,Tv)- 


Corollary 5.8 For each set A, {R{A*), R'{A‘^)) is the free finitary *-continuous Kleene uj- 
algebra satisfying 1^ = T, freely generated by A. 

Proof. This follows from Theorem 15.41 using Lemma 15.71 □ 

6 ^-continuous Kleene oj-algebras and iteration semiring-semimodule 
pairs 


In this section, our aim is to relate *-continuous Kleene w-algebras to iteration semiring- 
semimodule pairs. Our main result will show that every (finitary or non-finitary) *-continuous 
Kleene cj-algebra is an iteration semiring-semimodule pair. 

Some definitions are in order. Suppose that S' is a semiring. Following [2], we call S a Conway 
semiring if S is equipped with a star operation * : S ^ S satisfying 

{x + yf = {x*y)*x* 

{xy)* = l + x{yx)*y 


for all x,y ^ S. 


It is known that if S is a Conway semiring, then for each n > 1, so is the semiring S”^” of 
all n X n-matrices over S with the usual sum and product operations and the star operation 
defined by induction on n so that if n > 1 and M = (“ ^), where a and d are square matrices 
of dimension < n, then 


( [a + bd*c)* (a + bd*c)*bd*\ 
\{d + ca*b)*ca* {d -f ca*b)* ) ' 
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It is known that the above inductive definition does not depend on how M is split into 4 
submatrices. 

Suppose that 5 is a Conway semiring and G = {gi, ... ,gn] is a hnite group of order n. For 
each Xg^,... ,Xg^ € S, consider the n x n matrix Mq = Mcixg^,... ,Xg^) whose ith row is 
’ ■ ■ ■ )’ for i = 1 ,... ,n, so that each row (and column) is a permutation of the 

first row. We say that the group identity [4] associated with G holds in S if for each Xg -^, • • •, Xg „, 
the first (and then any) row sum of Mq is {xg-^ + ■ ■ ■ + Xg^)*. Finally, we call S an iteration 
semiring WM if all group identities hold in S. 

Classes of examples of (idempotent) iteration semirings are given by the continuous Kleene 
algebras and the *-continuous Kleene algebras defined in the introduction. As mentioned 
above, the language semirings P{A*) and the semirings P(A x A) of binary relations are 
continuous and hence also ^-continuous Kleene algebras, and the semirings R{A*) of regular 
languages are *-continuous Kleene algebras. 

When S' is a *-continuous Kleene algebra and n is a nonnegative integer, then the matrix 
semiring S"'^” is also a ^-continuous Kleene algebra and hence an iteration semiring, cf. m- 
The star operation is defined by 

^ V 


for all M G 1 < i,j < n. It is not immediately obvious to prove that the above 

supremum exists. The fact that M* is well-defined can be established by induction on n 
together with the well-known matrix star formula mentioned above: Suppose that n > 2 and 
M = (“ ^), where a and d are square matrices of dimension < n, then 


f {aVbd*c)* {a\/bd*c)*bd*\ 
\{d'\/ca*b)*ca* {d\/ca*b)* )' 


A semiring-semimodule pair (S, V) is a Conway semiring-semimodule pair if it is equipped 
with a star operation * : S ^ S and an omega operation : S ^ V such that 5 is a Conway 
semiring and the following hold for all x,y € S: 

(^ + y)- = (:c*yrx‘^ + {x*yr 

[xyY = x[yxY. 

It is known that when (S', V) is a Conway semiring-semimodule pair, then so is (S"'^”, K”) 
for each n, where denotes the S^'^'^-semimodule of all n-dimensional (column) vectors over 
V with the action of S”^” defined similarly to matrix-vector product, and where the omega 
operation is defined by induction so that when n > 1 and M is the matrix (“ ^), where a and 
d are square matrices of dimension < n, then 

+ bd*c)‘^ -I- (a -I- bd*c)*bd‘^\ 

\{d + ca*bY -|- (d -|- ca*b)*ca^ j 

We also define iteration semiring-semimodule pairs wm as those Conway semiring-semimodule 
pairs such that S is an iteration semiring and the omega operation satisfies the following con¬ 
dition: let Mg = Mcixg-^, ... ,Xg^) with Xg-^, ... ,Xg^ G 5 for a finite group G = {gi,. . . ,gn} of 
order n, then the first (and hence any) entry of Mq is equal to {xg^ Xg^Y. 
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Examples of (idempotent) iteration semiring-semimodule pairs include the semiring-semimodule 
pairs (P(A*), P{A‘^)) of languages and cu-languages over an alphabet A, mentioned in the in¬ 
troduction. The omega operation is defined by X‘^ = Y\n>QXn-, where = X for all n > 0. 
More generally, it is known that every continuous Kleene ca-algebra gives rise to an iteration 
semiring-semimodule pair. The omega operation is defined as for languages: x‘^ = nn>o 
with Xn = X for all n > 0. 

Other not necessarily idempotent examples include the complete and the (symmetric) bi- 
inductive semiring-semimodule pairs of PHU]. 

Suppose now that {S, V) is a *-continuous Kleene w-algebra. Then for each n > 1, V^) 

is a semiring-semimodule pair. The action of on is defined by a formula similar to 

matrix multiplication (viewing the elements of K” as column matrices). It is easy to see that 
{Sn^n^ yn^ jg generalized *-continuous Kleene algebra for each n > 1. 

Suppose that n > 2. We would like to define an infinite product operation on 

matrices in by 

( IT ~ V ' ' ' 

m>0 

for all 1 < i < n. However, unlike in the case of complete semiring-semimodule pairs [ID] , the 
supremum on the right-hand side may not exist. Nevertheless it is possible to define an omega 
operation ^ and to turn ,V^) into an iteration semiring-semimodule pair. 


Lemma 6.1 Let {S, V) he a (finitary) * -continuous Kleene co-algebra. Suppose that M € 
where n >2. Then for every 1 < i < n, 

(11^)*= V My.Myi,--- 

m>0 

exists, so that we dehne M‘^ by the above equality. 

Moreover, when M = where a and d are square matrices of dimension < n, then 

V bd*cr V (a V bd*crbd‘^\ 

[^{dW ca*b)‘^ W [dV ca*b)*ca^J ' ^ ’ 

Proof. Suppose that n = 2. Then by Corollary 14.61 (a V bd*c)‘^ is the supremum of the set 
of all inhnite products AiyAi^^^^i^ ■ ■ ■ containing a or c infinitely often, and (a V bd*c)*bd^ is 
the supremum of the set of all infinite products ''' containing a and c only finitely 

often. Thus, (a V bd*c)‘^ V (a V bd*c)*bdP is the supremum of the set of all inhnite products 

■ ■ ■ ■ Similarly, {d V ca*b)‘^ V (d V ca*b)*ca^ is the supremum of the set of all inhnite 

products ''' • 

The proof of the induction step is similar. Suppose that n > 2, and let a be A: x A:. Then 
by induction hypothesis, for every i with 1 < i < A:, the ith. component of (a V bd*c)‘^ is the 
supremum of the set of all inhnite products AiyAij^^i^ ■ ■ ■ containing an entry of a or c inhnitely 
often, whereas the ith component of (a V bd*c)*bd^ is the supremum of all inhnite products 

■ ■ ■ containing entries of a and c only hnitely often. Thus, the ith component of 

(a V bd*c)‘^ V (a V bd*c)*bdP is the supremum of the set of all inhnite products AiyAi^^i.^ ■ • •. 
A similar fact holds for {d V ca*b)‘^ V (d V ca*h)*ca^. The proof is complete. □ 
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Theorem 6.2 Every (finitary) *-continuous Kleene oj-algebra is an iteration semiring-semi¬ 
module pair. 

Proof. Suppose that {S, V) is a finitary ^-continuous Kleene ca-algebra. Then 

{xyyr = ix*yry{x*yrx‘^, 

since by Lemma 14.21 and Lemma [4.91 {x*y)^ is the supremum of the set of all infinite products 
over {x,?/} containing y infinitely often, and {x*y)*x^ is the supremum of the set of infinite 
products over {x,y} containing y finitely often. Thus, {x*y)^ V {x*y)*x‘^ is equal to {x V y)'^, 
which by Ax3 is the supremum of all infinite products over {x,y}. As noted above, also 

{xyY = x{yxY 

for all x,y € S. Thus, (5, V) is a Conway semiring-semimodule pair and hence so is each 

^gnxn 

To complete the proof of the fact that (S, V) is an iteration semiring-semimodule pair, suppose 
that xi,... ,Xn G S, and let x = xi V • • • V Xn- Let A be an n x n matrix whose rows are 
permutations of the xi,... ,x„. We need to prove that each component of is x‘^. We use 
Lemma IQ and Ax3 to show that both are equal to the supremum of the set of all infinite 
products over the set X = {xi,..., Xn}- 

By Lemma Erl for each zq = 1 ,..., n, the zoth row of is Vq Zj ■ It is clear 

that each inhnite product ■ ■ ■ is an infinite product over X. Suppose now that 

XjoXji • • • is an infinite product over X. We define by induction on /c > 0 an index z^+i such 
that = Xjj,. Suppose that A; = 0. Then let ii be such that = Xj^. Since xj^ 

appears in the ioth row, there is such an ii. Suppose that k > 0 and that ik has already been 
defined. Since Xj^, appears in the z^th row, there is some i^+i with = Xj^. We have 

completed the proof of the fact that the zoth entry of AX is the supremum of the set of all 
infinite products over the set X = {xi,..., x^}. 

Consider now x^ = xx • • •. We use induction on n to prove that x^ is also the supremum 
of the set of all infinite products over the set X = {xi,... ,Xn}- When n = 1 this is clear. 
Suppose now that rz > 0 and that the claim is true for n — 1. Let y = xi V • • • V x„_i so that 
X = y V Xn- We have: 

x‘^ = (y V XnT 

= (XnVTXn V {Xnyr 
= {XnVTXn V (x^Xi V • • • V X^Xn-l)^. 

Now 

(x;yrx-= V 

by Lemma 14.31 which is the supremum of all inhnite products over X containing xi,..., x„_i 
only a hnite number of times. 

Also, using the induction hypothesis and Ax4, 

(X„X 1 V • • • V X„Xn_i) = Y XnXi^XnXi2 ■ ■ ■ 

= V V a:^°37qx^ixi2 ••• 

ko,ki,... 
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which is the supremum of all infinite products over X containing one of xi,..., an infinite 
number of times. Thus, x'^ is the supremum of all infinite products over X as claimed. The 
proof is complete. □ 


6.1 Relation to bi-inductive semiring-semimodule pairs 

Recall that when P is a partially ordered set and / is a function P ^ P, then a pre-fixed point 
of / is an element x of P with xf < x. Similarly, x G P is a post-fixed point of / if x < xf. 
Suppose that / is monotone and has x as its least pre-fixed point. Then x is a fixed point, i.e., 
xf = X, and thus the least fixed point of /. Similarly, when / is monotone, then the greatest 
post-fixed point of /, whenever it exists, is the greatest fixed point of /. 

When S' is a ^-continuous Kleene algebra, then S is a Kleene algebra as defined in m- Thus, 
for all x,y G S, x*y is the least pre-fixed point (and thus the least fixed point) of the function 
S —>■ S defined hy z xz y y for all z G S. Moreover, yx* is the least pre-fixed point and the 
least fixed point of the function S ^ S defined hy z zxV y, for all z G S. 

Similarly, when (S, V) is a generalized *-continuous Kleene algebra, then for all x € S and 

V gV , x*v is the least pre-fixed point and the least fixed point of the function V ^ V defined 
by z I—>■ xz V u, where z ranges over V. 

A bi-inductive semiring-semimodule pair is defined as a semiring-semimodule pair {S,V) for 
which both S and V are partially ordered by the natural order relation < such that the semiring 
and semimodule operations and the action are monotone, and which is equipped with a star 
operation * : S ^ S and an omega operation : S ^ V such that the following hold for all 
x,y G S and v G V: 

• x*y is the least pre-fixed point of the function S ^ S mapping each z G S to xz y y, 

• x*v is the least pre-fixed point of the function V ^ V mapping each z G V to xz y v, 

• x‘^ V x*v is the greatest post-fixed point of the function V V mapping each z G V to 
xz V V. 

A bi-inductive semiring-semimodule pair is symmetric if for all x,y G S, yx* is the least 
pre-fixed point of the functions S ^ S defined by z !->■ zx -|- y for all z G S. 

By the above remarks we have: 

Proposition 6.3 Suppose that {S,V) is a finitary *-continuous Kleene oj-algebra. When for 
all X G S and v G V, x^ y x*v is the greatest post-fixed point of the function V ^ V defined 
by z xz y V, then {S, V) is a symmetric bi-inductive semiring-semimodule pair. 

(It is known that every bi-inductive semiring-semimodule pair is an iteration semiring-semimodule 
pair, see m-) 


7 Biichi automata in ^-continuous Kleene oj-algebras 

A generic definition of Biichi automata in Conway semiring-semimodule pairs was given in [21191 . 
In this section, we recall this general definition and apply it to (finitary) “"-continuous Kleene 
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w-algebras. We give two different definitions of the behavior of a Biichi automaton, an algebraic 
and a combinatorial, and show that these two definitions are equivalent. 

Suppose that (5, V) is a Conway semiring-semimodule pair, 5o is a subsemiring of S closed 
under star, and ^ is a subset of S. We write Sq{A) to denote the set of all finite sums 

siOi SmO-m with Si G Sq and a* € A, for each i = 1,... ,m. 

We define a (weighted) Biichi automaton over (5o, of dimension n > 1 in (S, V) as a system 

A = {a,M,k) where a G 5q ” is the initial vector, M G So{A)^^^ is the transition matrix, 

and k is an integer 0 < k < n. In order to define the behavior |A| of A, let us split M into 4 
parts as above, Af = (“ ^), with o G Sq{A)^^^ the top-left k-hy-k submatrix. Then we define 


/ (a -|- bd*cY ^ 
\^d*c(a -|- bd*cY j ’ 


We give another more combinatorial definition. A Biichi automaton A = (a, M, k) of dimension 
n may be represented as a transition system whose set of states is {1,... , n}. For any pair of 
states i, j, the transitions from i to j are determined by the (i, j)th entry Mij of the transition 
matrix. Let Mij = siai + ■ ■ ■ Smdrm say. Then either there are m transitions from i to j, 
respectively labeled sioi,..., Snan, or there is just one transition, whose label is Mi^j. A run 
of the Biichi automaton starting in state i is an infinite path starting in state i which infinitely 
often visits at least one of the first k states, and the weight of such a run is the infinite product 
of the path labels. The behavior of the automaton in state i is the supremum of the weights of 
all runs starting in state i. Finally, the behavior of the automaton is aiwi -f • • • -f anWn, where 
for each i, a, is the ith component of a and Wi is the behavior in state i. Let |A|' denote the 
behavior of A according to this second definition. 


Theorem 7.1 For every Biichi automaton A over (S'o, A) in a finitary *-continuous Kleene 
Lo-algebra, it holds that \A\ = \A\'. 


Proof. This holds by Lemma 16.11 and the fact that any matrix semiring over a *-continuous 
Kleene algebra is itself a *-continuous Kleene algebra. □ 

For completeness we also mention a Kleene theorem for the Biichi automata introduced above, 
which is a direct consequence of the Kleene theorem for Conway semiring-semimodule pairs, 

cf. pin]. 


Theorem 7.2 Suppose that {S,V) is a *-continuous Kleene ui-algebra, Sq is a subsemiring of 
S closed under star, and ACS. Then an element of V is the behavior of a Biichi automaton 
over {So,V) iff it is regular (or rational) over {So,A), i.e., when it can he generated from the 
elements of SqU A by the semiring and semimodule operations, the action, and the star and 
omega operations. 


It is a routine matter to show that an element of V is rational over (Sq, A) iff it can be written 
as Vr=i ^ where each Xi and y* can be generated from 5o U A by Vr aiid *. 
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8 *-continuous (generalized) Kleene algebras of locally finite 
and T-continuous functions 


In the following two sections our aim is to provide additional examples of *-continuous Kleene 
w-algebras. These examples are motivated by energy problems for hybrid systems and stem 
from [ 6 ] . We will deal with a generalization of the notion of energy function used in [ 6 ] . 

In this section, we define locally finite and T-continuous functions over complete lattices and 
show that they give rise to (generalized) *-continuous Kleene algebras. 

Suppose that L = {L, <) is a complete lattice with bottom and top elements T and T. Then a 
finitely additive function over L is a function f : L ^ L with T/ = T and (x V y)/ = x/ V y/ 
for all x,y & L. (We write function application and composition in the diagrammatic order, 
from left to write.) In the same way, one may define finitely additive functions L —)■ L' for 
complete lattices L,L'. Note that when f : L ^ L' is finitely additive, then (\/ X)f = \/ Xf 
for all finite sets X C. L. 

Consider the collection FinAdd/^^^/ of all finitely additive functions f : L ^ L', ordered 
pointwise. Since the (pointwise) supremum of any set of finitely additive functions is finitely 
additive, FinAdd/^is also a complete lattice, in which the supremum of any set of functions 
can be constructed pointwise. The least and greatest elements are the constant functions with 
value T and T, respectively. By an abuse of notation, we will denote these functions by T and 
T as well. 

Suppose now that L = L', so that we just write FinAdd^. Since the composition of finitely 
additive functions is finitely additive and the identity function id over L is finitely additive, 
and since composition of finitely additive functions distributes over finite suprema. Fin Add/,, 
equipped with the operation V (binary supremum), ; (composition), and the constant function 
T and the identity function id as 1, is an idempotent semiring. It follows that when / is finitely 
additive, then so is /* = Vn>o Moreover, f < f* and f* < g* whenever f < g. Below we 
will usually write just fg for the composition f-,g. 

All functions between complete lattices considered in this paper will be (at least) finitely 
additive. 


Lemma 8.1 Let L he a complete lattice and S be any subsemiring o/FinAdd/, closed under 
the star operation. Then S is a *-continuous Kleene algebra iff for all g,h £ S, g*h = Vn>o 6 '”^- 

Proof. Suppose that the above condition holds. We need to show that 

f{\l 9nh= y fg^h 

n>0 n>0 

for all f,g,h G S. But /(Vn>o5"^)^ ~ /(Vn>ofl'”^) assumption, and we conclude that 
~ Vn>o fg^^ since the supremum is pointwise. □ 

Definition 8.2 Let L be a complete lattice and f : L ^ L a finitely additive function. We 
call f locally finite if for each x £ L, either xf* = T or xf* = x V • • • V x/" for some n > 0. 
We call f T-continuous if either f is the function T, or whenever ACL with V = T, then 
yxf = T. 
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Note that if / ; L —)■ L is a T-continuous function which is different from the function _L, then 
T/ = T. 


Example 8.3 Suppose that L is a complete lattice and f : L ^ L is finitely additive and 
satisfies that for each x G L, either xf^ = _L for some n > 0, or xf = x, or Vn>o^/” ~ 
Then f is locally finite. The functions id and _L are locally finite and T -continuous. 

When L has at least two elements and T is the supremum of all elements different from T, 
then the locally finite function f : L ^ L with xf = -L for all x < T and T/ = T is not 
T -continuous. 


Lemma 8.4 Suppose that L is a complete lattice and f : L ^ L is finitely additive. Then the 
following conditions are equivalent. 

• f is locally finite. 

• For each x G L, either Vn>o ~ there is some n with x V • • • V xfi^ = x V • • • V 

x/^+i. 

• For each x G L, either Vn>o ~ there is some n such that x V • • • V xf"' = 

X V • • • V x/™' for all m > n. 

• For each x G L, either Vn>o ~ there is some n such that x V • • • V xf" = 

X V • • • V xf" V x/™' for all m > n. 


Proof. Suppose that x G L and xf* < T, i.e., Vn>o^/” < T. If / is locally finite then there 
is some n with xf* = x V • • • V xf". Thus, for all mPn, 


xV---Vxr <xV---xr Vx/™ 

<xV---Vx/™ 

<xf* 

= X V • • • V xf". 

Also, if xV- • -Vxf" = xV- • ■Wxf"'^^, then it follows by induction that xV- • -Vxf" = xV- • -Vxf"^ 
for all m > n and thus xf* = x V • • • V xf". Indeed, this is clear when m = n, n + 1. Suppose 
that m > n + 1. Then, using the induction hypothesis and the fact that / is finitely additive, 

X V • • • V x/™ = X V (x V • • • V x/™“^)/ 

= X V (x V • • • V xf")f 
= X V • • • V xf"+^ 

= X V • • • V xf". 


□ 

It is clear that the composition of T-continuous functions is also T-continuous. However, as 
the next example demonstrates, the composition of locally finite (and T-continuous) functions 
is not necessarily locally finite. 
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Example 8.5 Let L he the following complete lattice (the linear sum of three infinite chains): 


L < xo < xi < ■ ■ ■ < yo < yi < ■ ■ ■ < zo < zi < ■ ■-T 
Since L is a chain, a function L ^ L is finitely additive iff it is monotone and preserves _L. 

Let f,g:L^Lbe the following functions. First, _L/ = Lg = ± and T f = Tg = T. Moreover, 
Xif = yi, yif = Zig = T and xig = _L, yig = Xj+i, zig = T for all i. Then f,g are monotone, 
uf* = u V uf W uf'^ and ug* = uW ug for all u £ L. Also, f and g are T -continuous, since 
if \/ X = T then either T £ X or X n {zq, zi,...} is infinite, but then V Xf = \/ Xg = T. 
However, fg is not locally finite, since XQ{fg)* = xqV XQ{fg)\/ XQ{fg)‘^ ■ ■ ■ = xq VxiVx 2 V - • • = 

yo- 


We now show that if a set of locally finite and T-continuous functions enjoys appropriate 
closure properties, then it is necessarily a *-continuous Kleene algebra. 


Proposition 8.6 Suppose that S C FinAdd^, is closed under the operations V, composition 
and star and contains the functions _L and id. Moreover, suppose that each f G S is locally 
finite and T-continuous. Then S is a *-continuous Kleene algebra. 

Proof. Suppose that g,h £ S. By Lemma [8dl it suffices to show that g*h = Since 

this is clear when h = T, we assume that /i is a function different from T. Since g'^h < g*h 
for all n > 0, it holds that \/n>o9"^^ — 9*^- prove the opposite inequality, suppose that 
X £ L. If xg* = T, then \l^>0^9^ — T, so that \/n>o^5'”^ = T by T-continuity. Thus, 
xg*h = T = y^^Qxg'^h. 

Suppose that xg* < T. Then there is some m > 0 with 


xg*h = (x V ■ ■ ■ V xg'^)h 
= xh V • • • V xg'^h 

< \J xg'^h 

n>0 

= x(\/ g^h). 

n>0 


The proof is complete. □ 

Next we study the closure properties of finitely additive T-continuous functions in more detail. 
We will give a sufficient condition to the effect that the supremum of two such functions be also 
locally finite and T-continuous. We will also prove that if / is locally finite and T-continuous, 
then so is /*. 

The following two propositions are also of independent interest. 


Proposition 8.7 Suppose that L is a complete lattice and f,gi,...,gk : L ^ L, k > 0 are 
locally finite and T -continuous functions. Then 

f*9i---9k = V r9i---9k- 
n>0 
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Proof. When A: = 0 this is obvious by definition of star, so we assume that k > 0. It is clear 
that Vn>o '"9k < f*9i ''' 9k in the pointwise order. To complete the proof, we show 
that xf*gi ■ ■ ■ Qk < Vn>o^/"^5'i "' 9k for all x G L. We may assume that the gi are different 
from the function T since in the opposite case xf*gi ■ ■ ■ gk = -f. 

Suppose first that xf* < T. Then there is some n such that xf* = x V • • • V xf^. Since the gi 
are finitely additive, it follows that xf*gi ■ ■ ■ gk = VLo ^f'9i9k < Vn>o xf"'9i9k- 

Suppose next that xf* = T, so that xf*gi ■ ■ ■ gk = Our task is to prove that Vn>o ^f"'9i ''' 9k = 
T. To this end, let h denote the function h = gi ■ ■ ■ gk- Since each g^ is T-continuous, so is h. 
Moreover, h is not the function T. Thus, since \/{xf'^ : n > 0} = T and h is T-continuous, 

\/ xpgi---gk=\/ xrh = l'. □ 

n>0 n>0 


Proposition 8.8 Suppose that L is a complete lattice and f,gG Fin Add/, such that f and 
f*g are locally finite and T-continuous functions. Then 

{f^gf = {r 9)* r- 

Proof. It is clear that {f\/g) ” < \/i<nif*9yf* for all n > 0, hence {fVg)* < Vn>o(/*5')”/* < 
{f*g)*f*. Below we will prove that 

(/*<?)*/*< V V /"°5--w/"" = (/v5r. 

n>0 ki>0 

In our argument, we will make use of two observations. 

Claim 1. Suppose that x{f*g)^ < T for some n > 0. Then there exist integers ki,... ,kn > 0 
with 

x{f*gT < \/{xf^g - - - f"g ■ k < ki,... fin < kn}- 

Claim 2. Suppose that x{f*gfif* < T for some n > 0. Then there exist integers ki,..., kn, kn+i > 
0 with 

xifgrr < \/{xrg ... r-gf-+^ --kfiki,..., in +1 < kn+i}. 

Since the proofs of these claims are similar, we only prove the first one. We argue by induction 
on n. When n = 0, our claim is clear. Suppose now that n > 0. Since x{f*gfi < T and 
f*g preserves T, x{f*g)^~^ = y < T. Since / is locally finite, yf* = y V • • • V y/”^ for some 
m > 0. Since g is finitely additive, yf*g = yg V - - - y yf^g. By the induction hypothesis, 
y < y{xP^g ... P'*~^g '- k < ki,..., in-i < kn-i} for some ki,..., kn-i > 0. Thus, using the 
fact that / and g are finitely additive, it follows that 

x{f*gr < \/{xr^g...r"g :k<ki,...,in< kn} 


where kn = m. 

We now return to the proof of the Proposition. Let x G L. We want to show that x{f*g)* f* < 
x{f V g)*, which will follow if we can prove that x{f*g)*f* is the supremum of a finite or 
infinite number of elements of the form xf^°gf^^ - - - gf^" where n > 0 and ko,... ,kn >0. Let 
us denote by the set of all such elements. 
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When X = T, then our claim is clear. So we may assume that x < T. We consider several 
cases. 

Case 1. x{f*g)*f* < T. Then, since f*g is locally finite and f* is finitely additive, 

x{rgrr = {xv---yxirgr)r 
= xrv---vx(r5rr 

for some n > 0. Clearly, x{f*gy < T and x{f*gyf* < T for all i < n. Now using Claim 2 and 
the fact that / is finitely additive, it follows that each x{f*gyf* is the supremum of a finite 
number of terms of A^,. 

Case 2. x{f*g)*f* = T. 

Within this case, we consider sub-cases. 

Sub-case 2.1. x{f*g)* < T. In this case, it follows as in Case 1 using Claim 1 that y = x{f*g)* 
is the supremum of a finite number of elements of A^,. Since yf* = y V yf \/ ■ ■ ■ = T and for 
each A; > 0, yf^ is also a hnite supremum of elements of A^,, since / is finitely additive, it 
follows that x{f*g)*f* = yf* is a possibly inhnite supremum of elements of A^,. 

Sub-case 2.2. x{f*g)* = Mn>o^U*9)^ = T. Suppose that \li<n{f*9)'' < T foi" n > 0. 
Then, as shown above, for each n > 0 we can write \Ji<n{f*9y as a finite supremum of 

elements of A^,. Thus, x{f*g)*f* = T = x{f*g)* is a possibly infinite supremum of elements 

of A^. Suppose now that there is some n with \/dY ~ Then there is a least such n. 

Let us denote it by no- Since x 7 ^ T, it holds no > 0. Then x{f*gy < T for all i < no. If 

also x{f*g)^° < T, then x{f*g)*f* = T = \Jgy is a finite supremum of elements of A^,. 
Last, assume that x{f*g)"'° = T. Let us denote x{f*g)^°~^ by y, so that y < T and yf*g = T. 
Note that y is a finite supremum of elements of A^^. 

Suppose that yf* = y V y/ V • • • = T. Since / is finitely additive, each y/* is a finite supremum 
over Ax, and we conclude that so is x{f*g)*f* = T = yf* is a possibly infinite supremum over 
A.. Ifyr < T, then yf* = y V • ■ ■ V yf^, and by finite additivity, we conclude that yf*g is a 
finite supremum of elements of A^,. □ 

Next we prove that the star of a locally finite T-continuous function also has these properties. 

Lemma 8.9 Suppose that L is a complete lattice and f G FinAddj;, is locally finite. Then f* 
is also locally finite. And if f is additionally T-continuous, then so is f*. 

Proof. Suppose that / is locally finite. We prove that xf** = x V xf* = xf* for all x € L. 
Indeed, this is clear when xf* = T, since f* < f**. Otherwise xf* = some 

n > 0. 

By finite additivity, it follows that xf*f* = \Jk<n^f^f*■ xf^f* = xf^ V 

xjfc+i v ... < = xf*f* and xf* = xf**. It follows by Lemma [8~i] that f* is 

locally finite. 

Suppose now that / is additionally T-continuous. We need to show is that f* is also T- 
continuous. To this end, let A C L with \/ X = T. Since x < xf*, for all x G A, it holds that 
V A/* > VA = T. Thus VA/* = T. □ 

Lemma 8.10 Suppose that L is a complete lattice and f,g,f*g : L ^ L are locally finite 
T -continuous functions. Then f V g is also locally finite and T -continuous. 


25 


Proof. We know that / V <7 is finitely additive. By Proposition 18.81 (/ V g)* = 

Suppose that there is x € L with x{f V g)* = x{f*g)*f* < T. Then, since f*g and / are 
locally finite and T-continuous, we have that x{f*g)* < T, y = x{f*g)* = x V ■ ■ ■ V x{f*g)'^, 
and yf* = 7 / V • • • V y/"* for some n, m > 0. Moreover, as shown in the proof of Proposition 18.81 
for each i < n there exist ni,..., > 0 with x(/*y)* = Vji<ni ji<ni ■ ■ ■ f^^9- If follows 

that x(/ V y)* = x V ■ ■ ■ V x(/ V y)^ for some k > 0. We have proved that / V y is locally finite. 

Since / and y are T-continuous, / V y is clearly also T-continuous. □ 


8.1 Generalized *-continuous Kleene algebras of finitely additive functions 

By the previous results, locally finite and T-continuous functions provide examples of *- 
continuous Kleene algebras. Next we show that they also yield generalized *-continuous Kleene 
algebras. 

Suppose that L,L' are complete lattices, and consider the collection FinAddj^ of all finitely 
additive functions L ^ L', ordered pointwise. Then, as noted above, FinAdd^^^/ is a complete 
lattice. Define a left action of FinAddi on FinAdd£, £,/ by fv = f]v, for all / € FinAdd/, 
and V € FinAdd^^^/. It is a routine matter to check that FinAdd^^^/, equipped with the 
above action, the binary supremum operation V and the constant T is an (idempotent) left 
Fin Add ^-semimodule. 

We extend the notion of T-continuous functions L —L over a complete lattice to a more general 
situation in a natural way. Suppose that L and L' are complete lattices and let / : L —> L'. We 
call / T-continuous if / is finitely additive and \/ X f = T whenever ACL with \/ X = T. 

We will make use of a general fact which is similar to Lemma l8.II 

Lemma 8.11 Suppose that L,L' are complete lattices, S is a *-continuous Kleene algebra 
in FinAddi, and V C FinAdd^^^' is an S-semimodule. Then {S,V) is a generalized *- 
continuous Kleene algebra iff for all g £ S and v £ V, g*v = (and thus Vn>o5"^^ ^ 


Proof The above condition yields that for all f,g £ S and v £ V, fg*v = Vn>o 

AxO holds. □ 


Proposition 8.12 Let S be a *-continuous Kleene algebra of locally finite and T-continuous 
functions in Fin Add/,, and let V be a subsemimodule of FinAdd/,^/,/ closed under the in¬ 
duced S-action, which contains only T-continuous functions. Then {S,V) is a generalized 
* -continuous Kleene algebra. 

Proof. The proof is similar to that of Proposition 18.61 □ 


Remark 8.13 Actually it suffices to require in the above proposition the following. For all 
V £ V , V T, and for all f £ S and x £ L, if xf* = T then Vn>o = T. Then (5, V) is 
a generalized *-continuous Kleene algebra. Indeed, suppose that f £ S and v £ V. In order to 
prove that f*v = Vn>o suffices to show that xf*v < Vn>o^/”^ 
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If xf* < T, then xf* = x V • • • V x/” for some n. Since v is finitely additive, xf*v = 

XX V • • • V xf^v < M^f* — T, then xf*v = T unless v is _L. It follows that 
rv = yn>orv. 

9 ^-continuous Kleene a;-algebras of locally finite and T-continuous 
functions 

In this section, our aim is to study *-continuous Kleene w-algebras of finitely additive functions. 

For this reason, we define an infinite product mapping w-sequences of finitely additive functions 
over a complete lattice into the 2-element lattice 2. 

In this section, let L be an arbitrary complete lattice and let L' = 2, the 2-element lattice 
{_L,T}. Our aim is to study generalized *-continuous Kleene w-algebras {S,V), where S 
consists of locally finite T-continuous functions L ^ L and V consists of T-continuous functions 

L 2. 

For each sequence € FinAdd/,, define g = Yln>o : L —>■ 2 by X (7 = _L iff there 

is an index n > 0 for which x/o ■ ■ ■ fn = -L- Thus, if x,x/o,x/o/i,... are all different from 
T, then xfl^^^fn = T, otherwise xfl^^Qfn = T. Note that in the latter case the sequence 
X, x/o, x/o/i,... is eventually T. 

It is easy to see that nn>o finitely additive. Indeed, T nn>o fn = -I clearly holds, 

and for all x, y G L, if x < ?/ in L, then xfl^^^fn < yYln>of'^- Thus, to prove that for all 
x,y e L, it holds that (x V y)Yln>ofn = xY\n>ofn V yYln>ofn, h suffices to show that if 
nn >0 fn = y Un >0 fn = T, then (x V y) n „>0 fn = T. But if X nn >0 fn = y On^O fn = T, 
then there exist m, k with x/o ■ ■ ■ fm = yfo ■ ■ ■ fk = T. Let I = max{m, k}. We have that 
{x V y)fo •••/£ = x/o ••■/£ V y/o ••• /^ = T, and thus (x V y) On^o fn = T. 

It is clear that Axl and Ax2 hold. 


Proposition 9.1 Suppose that /o, /i, ... are finitely additive functions L ^ L and 0 = uq < 
ni < • • • is a sequence of integers which increases without a bound. Let g^ = fn^. ■ ■ ■ /n^+i-i 
for all A: > 0, so that each g^ is also finitely additive. Then 

/n = /o fn+l 
n>0 n'>0 

Y\fn= Ylok- 

n>0 k>0 

Proposition 9.2 The following property holds for all finitely additive functions /o, /i, 

50)ffi) ■ • • L ^ L- 

W{fnygn)= V Whn. 

n'^0 n^O 

In particular, Ax3 holds. 


... and 

( 4 ) 


Proof. Suppose that fo, go, fi, gi,... are in FinAdd/,. Since infinite product is monotone, 
the term on the right-hand side of (jl]) is less than or equal to the term on the left-hand side. 
To prove that equality holds, let x G L and suppose that xnn>o(/« 9n) = T. It suffices to 
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show that there is a choice of the functions hn G such that xW^-^^hn = T. Consider 

the full (ordered) binary tree where each node at level n > 0 is the source of an edge labeled fn 
and an edge labeled Qn, ordered as indicated. We can assign to each node u the composition 
hu of the functions that occur as the labels of the edges along the unique path from the root to 
that node. Let us mark a node u if xhu ^ -L. Since a^nn>o(/^ 9n) = T) each level contains 

a marked node. Moreover, whenever a node is marked and has a predecessor, its predecessor 
is also marked. By Konig’s lemma there is an infinite path going through marked nodes. This 
infinite path gives rise to the sequence /io, hi,... with x nn>o = T. □ 

Proposition 9.3 Suppose that f,go,gi, ■ ■ ■ are locally finite and T -continuous functions L —> 
L. Then nn>o= Vfco,fci,...>o On^o i-e., Ax4 holds. 

Proof. Since / is locally finite and T-continuous, so is /*, by Lemma 18.91 Let x L. 
Suppose that x nn>o f*9n — We want to prove that there exist integers ko,ki,... such that 
X nn>o = T. Consider the ordered infinite binary tree and label the left out-edge of 

each vertex u by / and the right out-edge by gn iff the unique path from the root to v contains 
exactly n right out-edges. To each vertex 2 we can canonically associate the function which 
is the composition of the edge labels that occur along the path from the root to z. Let us mark 
a vertex z if following condition holds: if zi,..., Zk are some ancestors of z such that each Zi+i 
is the left successor of Zi, for i < k, then it is not the case that xh^^. < xhz^ V • • • V 

Since x nn>o f*Sn = T, for each n there is a marked vertex which is the target of an edge 
labeled gn. Moreover, any ancestor of a marked vertex is marked. By Konig’s lemma, there 
is an inhnite path going through marked vertices. If this path contains infinitely many right 
edges, we are done, since this infinite path determines the integers kn, n > 0. Indeed, the edge 
labels of the path form an inhnite word f^°gof^^gi ■ ■ ■. 

Suppose the path contains only a hnite number of right edges. For simplicity, we may as well 
assume that the path contains only left edges. This means that x,x/, x/^,... satisfy that for 
all n, xf"' ^ Vi<n ^f* ~ since / is locally hnite and T-continuous. Since none 

of the functions go,gi ,... is T, u = nn>ofl'^ -*-> since Tu = T. Now Vn>o~ f*'^ 

and since xf*v = T, also ~ Thus, xfi^v 7 ^ T for some m. We may thus choose 

ko = m and kn = 0 for all n > 0 . □ 

Corollary 9.4 Suppose that L is a complete lattice and {S,V) is a generalized *-continuous 
Kleene algebra of locally finite and T -continuous functions L ^ L and T -continuous functions 
L —> 2. Suppose that nn>o fn for all sequences /o, /i,... of functions in S. Then {S, V) 
is a *-continuous Kleene u-algebra. 

Corollary 9.5 Suppose that L is a complete lattice and {S,V) is a generalized *-continuous 
Kleene algebra of locally finite and T -continuous functions L ^ L and T -continuous functions 
L —>■ 2. Suppose that nn>o fn^V for all finitary sequences /o, /i, • • • of functions in S. Then 
{S,V) is a finitary *-continuous Kleene uo-algebra. 

Suppose that L is a complete lattice and /o, /i,... is a sequence of locally hnite T-continuous 
functions L ^ L, and consider the function v = nn>o fn ■ L ^ ^ dehned above. While v is 
hnitely additive, it may not be T-continuous. Below we provide a sufficient condition under 
which this function is also T-continuous. 
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Lemma 9.6 Suppose that L is a complete lattice for which it holds that whenever \/ X = T 
for some X C L, then for all x < T in L there is y € X with x <y. // /o, /i, ... is a sequence 
of locally finite T -continuous functions L ^ L, then nn>o fn T -continuous. 

Proof. Let v = nn>o already know that v is finitely additive. We need to show that 

if 7 ^ _L, then v is T-continuous. But if u yf _L, then there is some x < T with xv = T, i.e., 
such that x/o • • • /n > -L for all n. By assumption, there is some y & X with x < y. It follows 
that yfo ■ ■ ■ fn> xfo •••/„> _L for all n and thus V Xv = T. □ 

9.1 Fixed points 

In this short section, we relate *-continuous Kleene cu-algebras of locally finite and T-continuous 
functions to bi-inductive semiring-semimodule pairs. 


Lemma 9.7 Suppose that L is a complete lattice and {S,V) is a generalized *-continuous 
Kleene algebra of locally finite T -continuous functions L ^ L and T -continuous functions 
L —>■ 2. Suppose that for each f ^ S, = nn>o •/' ^ Then for all f £ S and v £ V, 
f^ V f*v is the greatest post-fixed point of the map V ^ V given by z fz\/ v. 

Proof Since ff‘^ = /‘^, we have that /(/‘^ V f*v) V u = //^ V ff*v V u = /“^ V f*v. 

Suppose that u £ V with u < fuV v. Then u < f^u V f^~^v V • ■ ■ V u for all n > 0. We want 
to show that xu < xf‘^ V xf*v for all x £ L. This is clear when xf'^ = T. So suppose that 
xf^ = T. Then x/” = T for some n. Thus, xu < xf"'~^v V • • • xu < xf*v = xf^ V xf*v. □ 

Corollary 9.8 Suppose that L is a complete lattice and {S,V) is a generalized *-continuous 
Kleene algebra of locally finite T -continuous functions L ^ L and T -continuous functions 
L —> 2. Suppose that for each f £ S, f^ = nn>o / ^ Then (S', F) is a symmetric 
bi-inductive semiring-semimodule pair. 


10 Application: Energy Problems 

We finish the paper by showing how the setting developed in the last two sections can be 
applied to solve so-called energy problems. We refer to [6] for a more detailed account of, and 
motivation for, energy problems in the context of formal modeling and verihcation. 

Let L = [0, T]_l be the complete lattice of nonnegative real numbers together with T = oo and 
an extra bottom element T, and extend the usual order and operations on real numbers to 
[0, T]_l by declaring that T<x<T,T — x = T and T -|- x = T for all nonnegative reals x. 

Note that L satisfies the condition required in Lemma [9.6l If X C [0, T]x is such that \/ X = T, 
then for all x € L with x < T there is y £ X for which x < y. 

An energy function is a mapping / : [0, T]_l —>■ [0, T]_l for which T/ = T, T/ = Tifx/ = T 
for all X < T and T/ = T otherwise, and yf>xf + y — x whenever T < x < y < T. The set 
of such functions is denoted £. 
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The above entails that for all f £ £ and all x < y G [0 ,T]_l, xf = T implies yf = T and 
y/ = T implies xf = T. Note that energy functions are monotone, hence finitely additive, 
and that £ is closed under (pointwise) binary supremum V and composition. 

Lemma 10.1 Energy functions are T-continuous. 

Proof. Let X C [0,T]_l such that \/ X = T and f £ £, f X. We have X {T}, so let 
xq € ^ \ {T} and, for all n > 0, x„ = xq + n. Let y„ = x„/. If y„ = T for all n > 0, then 
also nf = T for all n > 0 (as x„ > n), hence / = T. We must thus have an index N for which 
yw > T. But then yw+fc > yw + fc for all k >0, hence V Xf = T. □ 

Lemma 10.2 For f £ £, f* is given by xf* = x if xf < x and xf* = T if xf > x. Hence f 
is locally finite and f* £ £. 

Proof. We have Xf* = X and Tf* = T. Let x 7 ^ T,T. If xf < x, then x/” < 
n > 0 , so that x < Vn>o whence xf* = x. If xf > x, then let a = xf — x 

have x/ > X + a, hence xf"' > x X na for all n > 0 , so that xf* = Vn>o ~ 

We can now apply Proposition 18.61 

Corollary 10.3 £ is a * -continuous Kleene algebra. 

Remark 10.4 It is not true that £ is a continuous Kleene algebra: Let fn,g £ £ be defined 
by xfn = X + 1 — for X > 0, n > 0 and xg = x for x > 1 , xg = X for x < 1. Then 
0(Vrx>o/n)ff = (Vn>oO/n)5 = = 1; whereaS OVn>o(/nff) = Vrx>o(0/"ff) = Vn>o((l “ 

Also note that not all locally finite functions f : [0,T]_l —>■ [0,T]_l are energy functions: the 
function f defined by xf = 1 for x < 1 and xf = x for x > 1 is locally finite, but f ^ £. 

Now let L' = 2, and let V denote the T-semimodule of all T-continuous functions [0, T]_i_ —>■ 2. 
For /o, /i, • • • £ £■, dehne an infinite product / = nn>0 '■ [0, T]_1_ 2 hy xf = X if there 

is an index n for which x/o ■ ■ ■ fn = X and xf = T otherwise. By Lemma 19.61 nn>o 
T-continuous, i.e., nn>o ^ 

By Proposition 18.121 (£’,V) is a generalized *-continuous Kleene algebra. We can now apply 
Corollaries 19.41 and 19.81 

Corollary 10.5 {£, V) is a*-continuous Kleene oj-algebra and a symmetric bi-inductive semiring- 
semimodule pair. 

The paper [6] is concerned with reachability and Biichi acceptance in so-called energy automata, 
which are hnite automata labeled with energy functions. This is useful for solving certain 
energy and resource management problems in real-time and hybrid systems, see [6] for details. 

Let A = (a, M, k) be an energy automaton of dimension n > 1, with a £ {T, C £^^", 

M £ £{£)"^" and 0 < A: < n as in Section [7] (hence S'o = A = T in the notation of that 
section). Define C € {T, by Ci = id if i < A:, Ci = T for i > k. We can now apply the 

results of this paper to conclude the following: 


X for all 
> 0. We 
□ 
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Theorem 10.6 A final state in A is reachable with initial energy x G [0, T]_l iff xaM*( > _L. 
There is an infinite run in A from initial energy x which visits an accepting state infinitely 
often iff xa\A\ = T. 


11 Conclusion 


We have introduced continuous and (finitary and non-finitary) *-continuous Kleene cu-algebras 
and exposed some of their basic properties. Continuous Kleene cu-algebras are idempotent 
complete semiring-semimodule pairs, and conceptually, ^-continuous Kleene cu-algebras are a 
generalization of continuous Kleene cu-algebras in much the same way as ^-continuous Kleene 
algebras are of continuous Kleene algebras; In ^-continuous Kleene algebras, suprema of fi¬ 
nite sets and of sets of powers are required to exist and to be preserved by the product; in 
^-continuous Kleene a;-algebras these suprema are also required to be preserved by the infinite 
product. 

It is known that in a Kleene algebra, *-continuity is precisely what is required to be able to 
compute the reachability value of a weighted automaton (or its power series) using the matrix 
star operation. Similarly, we have shown that the Biichi values of automata over ^-continuous 
cu-algebras can be computed using the matrix omega operation. 

We have seen that the sets of finite and infinite languages over an alphabet are the free 
continuous Kleene (u-algebras, and that the free finitary ^-continuous Kleene cu-algebras are 
given by the sets of regular languages and of finite unions of finitary infinite products of regular 
languages. A characterization of the free (non-finitary) ^-continuous Kleene cu-algebras (and 
whether they even exist) is left open. 

We have shown that other examples of ^-continuous Kleene cu-algebras are given by locally 
finite and T-continuous functions over complete lattices. We have seen that every ^-continuous 
Kleene cu-algebra is an iteration semiring-semimodule pair, which permits to compute the 
behavior of Biichi automata with weights in a *-continuous Kleene cu-algebra using cu-powers 
of matrices. Hence the algebraic setting developed here can be employed to solve energy 
problems for hybrid systems. 
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